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C H A P T E R I
INTRODUCTION
Planning and controlling of large projects is one of the most
complex problems of modern business. This is true of manufacturing
and construction, design and installation of new production lines,
equipment installations, maintenance projects, research and develop-
meet, engineezing design, and long-range management projects. In most
cases substantial savings or competitive advantage may be ob.ained by
effective solution of such problems.
The Critical Path Method (CPM) is a technique which can be
used to plan, schedule, and control a project consisting of a group of
interrelated activities or jobs directed towards a common goal.
The use of the critical path method was first introduced by
Walker and Kelly (8) of du Pont in 1958. Since then numerous articles
and books have been published in this area. This thesis embodies a
particular area of CPM with emphasis on cost optimization.
The field of cost optimization as applied to a scheduling net-
work will not only apply to the goal of completing a specified project
at minimum cost, but will also involve the possibility of reducing the
total duration of a project. The algorithmic process for reducing the
duration of a project, hereafter, referred to as time compression, will
follow the path of minimum cost. The development of the algorithm is
discussed in the succeeding chapters.
As one will note later, the area of time compression will only
be of practical use if a computer is available for computation or if
I
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the network is comparatively simple. A computer program has been writ-
ten that accomplishes the time .ompression algorithm. Chapter 7 gives
a description of this program, and the program listing is contained
in Appendix II.
It is assumed here that the reader is familiar with CPM nomen-
clature and numerical calculations. For those without any CPM back-
ground, it will be well to review texts and publications in this area
such as Moder and Phillips (5), Evarts (6), anO Martino (4).
C H A P T E R I I
PROBLEM STATEMENT
Since its inception in 1958, the Critical Path Method has
been widely used in almost all phases of industry. With miny people
involved in the use of CPM, those schooled in the area of Operations
Research have developed and published articles related to the numer-
ous variations and uses of this technique. Dozens of computer programs
are available to the CPM analyst and of course revisions to any method
are always in order.
The National Aeronautics and Space Administration has a tech-
nique known as PERT Time which is different from the original PER
(Program Evaluation and Review Technique) in that PERT Time employs
the single time estimate of CPM instead of the probabilistic approach
to PERT. The use of PERT Time does not involve any phase of cost opti-
mization or time compression, although it provides most of the infor-
mation that one would normally require in the application of the CPM
technique to a scheduling system. Dr. Jerome Wiest (2) of UCLA has
published a dissertation on project scheduling with limited resources.
The actual technique is not clearly defined in Dr. Wiest's publication
so that one cannot fully grasp tiv usefulness ^r	 applications area
of his technique. C.-E-I-R, Inc. has a proprietary computer program
called RAMPS (;resource Allocation and Multi-Project Scheduling) (3).
This has some rather interesting heuristics for determining job sched-
uling priorities. It will be assumed here that RAMPS may have the
necessary algorithm for cost optimization and even time compression.
..r...-w.,M.,i- ^,,(r..., y .._	 „ ., -.mac_...	 .,	 .......^..-..n.-'^-'----°°^' r^•-
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4However, one will not know this until the proprietors of RAMS decide
on publishing the algorithmic process used in their computer program.
Many other companies and individuals are working toward some new
methods in the use of CPM as a scheduling and planning tool.
In the present use of CPM, the time estimate for each activ-
ity in a network is treated independently from the cost for accom-
plishing the activity which of course embodies both direct and indi-
rect costs. These different costs may involve such things ac manpower
load, equipment, etc. By examining any activity in a CPM network, it
is readily seen that an activity has definable costs both direct and
indirect which are related to time or the duration for that particular
activity. One is then faced with the question as to whether these cost
factors can be used in an optimum fashion to determine a time estimate
for an activity.
The next chapter shows the mathematical development of the
optimization procedure for a network planning system directly relating
it to a time-compression procedure. Chapter 4 of this thesis gives a
thorough treatment of the routine for time-compression purposes.
C H A P T E R I I I
MATHEMATICAL DEVELOPMENT OF THE OPTIMIZATION TECHNIQUE
For any activity in a CPM network, a time estimate is as-
signed with the assumption that the available men and equipment for
this activity are sufficient to complete it on schedule. Prior to the
start of the proje,,-, the various costs for each activity are defin-
able. Also, the factors involved from one activity to another are
going to be similar. These various costs can be used to determine the
optimum time and manpower load for an activity. Different companies
or individuals may label the costs in a different way. The following
variables are definable for each activity:
N - Number of men assigned to the activity
M = The fixed number of man-hours required to accomplish
an activity
Ct- The time variable cost related to the activity in
dollars/unit-time
Cs= Initial fixed cost necessary for the activity under
consideration
Cb= The time variable manpower cost in dollars/unit-time
Ce= The load cost due to placing an employee on the job
From the above variables, one can compute the total cost for
an activity which would be:
K= N
 C t +CbM+Ce N+Cs	(1)
f
6In equation (1). K is a function of N, since all the other
factors are fixed.
With the application of differential calculus, one can obtain
the minimum cost as follows:
Form: dK `_ M
dN N2 Ct + Ce
By equating equation ( 2) to zero, one can obtain the optimum value
of the number of men for each activity, say Not this gives:
_N2 Ct + Ce - p
Therefore
CtNo . -^
e
Since the time for each activity is equal to N ; an optimum
time for an activity can be obtained by replacing the value of N with
the optimum number of men No.
Therefore, one can obtain the optimum time To as follows:
M	 M Ce
To = No=	Ct
From equation (1), one can obtain the total cost for an activ-
ity under optimum conditions by replacing equation (3) for the value
N. This will give the following results:
11
(2)
(3)
Let Ko = The optimum cost
Ko 
=No 
Ct+CbM + CeNo+Cs
7M C
Kos
 7
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Ct+CbM+Ce eCt+Cs
which gives
K  - 2 
IM 
C t Ce+CbM+Cs
A sample activity will be shown here to illustrate the time
cost relationship that can be obtained from the above equations.
1	 ctivit	 2
Figure 1. Sample Activity
Figure 1 is a sample activity with the following definable
values:
M	 32
N = 3
Ct=1
C = 2
s
Cb=7
C = 2
e
The optimum time for this activity will be:
FMCT 
o 
PjjP2 = 8
x
8The optimum total cost here is:
Ko s 2MC t
 Ce+CbM+Cs
• 2 -V (32) (1) - ' (2)  + (7) (32) + 2^
$242.00
The optimum value of N is:
M C
N 
o	 C
e
I' 32	 1s 2
4
The above values show an optimum activity duration of 8 units
of time. These units may be in days, weeks, or even months.
In considering the sample activity, it is trivial to see that
the duration of 8 units of time may be compressed or reduced in a
way that the increase in cost will follow the path of minimum cost.
It will then be necessary to determine the change in cost each time
the activity duration is reduced by one unit of time.
Let K  = the optimum or original cost
K  = cost of the activity after compression of time
T (one unit at a time)
therefore since T = M;
N
K
0 
T
0 
C t +Cb M+Ce T +Cs
0
and
Kl = TI C t + Cb M + Ce T + Cs
1
W
The increase or change in cost after time compression is
designated as VK and this is equal to:
VK=K1-Ko
_ (Tl - T) Ct	e+ C M (T -	 )o
	
1	 0
But since compression is achieved one unit at a timer,
T1-To=-1
and
1	 1	 1
T1 To To (To - 1)
One will now have the change in cost VK as:
C M
VK = e	
-GtTo (To - 1)
Referring back to the sample activity of Figure 1, one can
obtain the change in costs (VK) each time the activity duration is
reduced by one unit of time.
k
Table 1 shows the different total costs for the sample
activity each time the duration undergoes compression. It is also
shown that by increasing the duration above the optimum time of 8
units, the total cost also increases.
From the cost values on Table 1, a time versus cost curve
can be shown indicating the non-linear relationship between the de-
crease in time and its corresponding cost increase. Figure 2 shows
this relationship with the ordinate representing the total cost and
the abscissa scale representing the time or duration.
9
*11
U	 2	 8
29
Total
Cost	 24
10
TABLE 1
COST VALUES
Duration	 Total Cost
12 $ 246.33
11 245.82
10 245.40
9 45.11
8 242.00
7 242.52
6 243.66
5 245.86
4 249.19
3 258.86
2 289.86
Time
Figure 2. Time Versus Cost Curve
The determination of the increase in cost from the optimum
value may be obtained either by direct computational methods as
shown earlier, or the cost values can be read directly from the
curve shown in Figure 2.
11
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C H A P T E R I V
TIME COMPRESSION
The time compression routine involves the reduction of the
project duration by one unit at a time. The algorithm for this
process produces the path of minimum cost. Two constraints may be
applied to this procedure, these are time constraint and cost ($)
constraint. Each of these constraints will be explained separately
although the effect of both constra: is in a single case will also
be fully explained in another section.
Time Constraint.. Figure 3 is a simple CPM network with a single
critical path. All the activities with darkened arrowheads are
critical, i.e. the activities along path 1, 3, 4, and 6.
Figure 3. CPM Network A
Table 2 gives the different variables related to the act-
ivities of Figure 3. The optima values for the total cost, duration,
and the number of men for each activity are also given. These
values were computed by using the formulae developed in Chapter 3.
r
TABLE 2
COST TABLES
Activity	 M	 N	 C 	 C 	 Cs C 	 K 	 To
1-3 4 2 1 1 3 2 15	 2
3-4 9 3 3 3 2 2 38	 3
4-6 16 4 5 5 3 3 91	 4
1-2 16 8 1 4 2 5 98	 2
2-5 16 3 1 4 2 5 98	 2
5-6 16 8 1 4 2 5 98	 2
As one notes from Figure 3, the duration for this network
is 9 units of time. It will be assumed that one wishes to reduce
the project duration to 7 units of time. By inspection, one can
reduce the duration of the entire network by reducing by one unit
of time the duration of any one of the activities along the critical
path. This will indeed reduce the network duration by one unit of
time but one will not have the assurance that the time reduction
will follow the path of minimum cost.
In the previous chapter, a development of the mathematical
model has been shown and by applying the equation to determine the
change in cost with a time reduction of one unit one finds that
activity (1-3) has a VK of 1; activity (3-4) has a VK of 1.5; and
activity (4-6) has a VK of 1.68 dollars (refer  to Table 2 for the
variables to compute VK).
13
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At this stage one is confronted with 3 activities along a
path, any one of which may be compressed by one unit of time to
reduce the network duration by one unit of time. The OKs as men-
tioned earlier are as follows:
VKl - 3 ' 1
VK3 4 - 1.5
DK4-6 ' 1.68
One immediately notices that activity (1-3) with a OK equal
to 1 has the lowest change in cost along the critical path. Further
investigation reveals that the duration of this .activity is greater
than 1. One will therefore pick this activity as the best choice
for time compression at this stage. Activity (1-3) has a duration
of 2 units of time and reducing its duration by one unit will mean
that this duration will be down to just 1 unit of time.
The network duration at this stage is 8 units of time. The
time constraint for this problem is seven units which m,-ans that
further compression is required.
Before going to the next time compression stage, one will
need to check the entire network to see if a new critical path has
developed. An examination of the network shows that at this stage
the critical path is still the same.
By inspection, one notices that of the 3 activities along
the critical path only activity ( 3-4) and activity (4-6) may be
considered for time compression. This is so because activity (1-3)
now has a duration of only one unit of time which is the minimum
--	 -	
_
duration that an activity may have unless it represents a dummy
activity (an ,Activity with a duration of zero).
At this point, it wi.L be quite simple to decide on which
activity to reduce by one unit of time since only two activities are
involved. The change in cost or on for these two activities are as
follows:
VK3-4 - 1.5	 (1)
VK4-6 ' 1.68 (2)
The above result ,- have been obtained by going through the usual com-
putations for the change in cost for any activity to be considered
for time compression. Thio procedure is the same as the one used
in the previous stage where the network duration was reduced from 9
units of time to 8 units.
As one examines equations (1) and (2) one will immediately
decide on activity (3-4) as the activity to be reduced time-wise
since the change in cost (VK) is only 1.5 dollars compared to the
change in cost for activity (4-6) which is 1.68 dollars.
It is necessary to examine the entire network again and go
through the usual steps involved in critical path computations.
By inspection, one notices that the total duration for this
particular network has already been reduced to 7 units of time wh4.ch
is the time constraint for the network. It is then decided that the
project duration has been reduced from the total duration of 9 units
of time to a duration of 7 units of time at minimum cost.
15
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One might ask the question as to the increase in cost after
the project duration was reduced from 9 units of time to 7 units.
This increase in cost may be obtained by summing the change in cost
each time the network duration is reduced by one unit of time until
the time constraint is reached. The total cost of the project will
then be equal to the result after summing the VKs plus the original
total cost of the p..oject before time compression was applied.
By applying the above procedure to the network illustration,
one can sum up the total of VKs which is VK 1 + VK2 or 2.5 dollars.
The original cost of the project before applying the time compression
procedure was 438 dollars. With these results it is easily seen that
the total cost of the project afte- the time compression routine will
be in the amount of 440.5 dollars.
Cost Constraint. A cost constraint may also be applied in the time
compression procedure. Basically, the algorithm will be the sara as
the procedure used in reaching the total project duration of 7 units
of time. The main difference, however, is that each time the project
duration is reduced by one unit of time one will sum up the total cost
of the project at that stage and compare the cost for that stage to a
set cost constraint. The main assumption here will br- that time com-
pression will always increase the total project cost.
A time compression with a cost constraint may be applied to
the network represented in Figure 3. It will be assumed that the var-
ious costs for -ach activity will. remain the same. The cost -on.straint
for the project will be set at 440.5 dollars.
4 ^`
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The first stage for this procedure will be the computation of
the initial total cost of the entire project. Summing up the costs
for a.11 the activities gi , re a totai initial cost of 438 dollare. Since
this is less than the set cost constraint, one can conclude that there
is a possibility for the time compression of the total project dura-
tion.
The critical path calculations give the result of just one
critical path with a duration of 9 units of time. This is also the
total project duration, and the total cost of the project at this
stage (before time compression) is at a minimum.
The section on Time Constraint gives the steps to be followed
in compressing the time for the network of Figure 3. This will be the
same procedure one will follow to reach the cost constraint.
As was shown earlier, the first stage for time compression may
be achieved by reducing activity (1-3) by one unit of time since this
activity has the lowest change in cost (OK). By reducing activity
(1-3) by one unit of time, the entire network duration may be reduced
to 8 units of time. The decrease in the project duration increases the
total project cost. In this case, the increase in cost for this stage
is 1 dollar which gives a total project cost of 439 dollars. Reference
to the cost constraint shows that the total project cost at this stage
is still below the cost constraint of 440.5 dollars. Therefore, fur-
ther time compression is possible.
The reduction of activity (1-3) by one unit of time still
gives the same critical path along the network. But only two out of
18
the three activities along the critical path may be compressed time-
wise since activity(1-3) now has a duration of one unit of time, and
as mentioned in earlier sections of this thesis, no activity may be
compressed if it has a duration of one unit or less.
It will now be possible to go through the compression of ac-
tivity ( 3-4) which has a VK of 1.5 dollars. Activity (3-4) has been
chosen for time compression at this point since activity (4-6) has a
VK of 1.68 dollars. This reduces the project duration by one unit of
time. One will now realize that the total project duration has been
reduced to 7 units of time with a total project cost of 440.5 dollars.
Reference to the cost constraint shows that the total cost of the
project at 7 units of time is the minimum time that may be acceptable
in terms of cost since at this point (7 units of time) the total pro-
ject cost has reached the 440.5 - dollar cost constraint. Therefore,
further compression of the activity duration may not be applied.
It will be mentioned here that the illustration on the time
constraint problem and also the cost constraint problem have been
worked out to have the same results so as to better acquaint the
reader with the basic algorithm used in this thesis.
Time and Cost Constraint. In the previous sections, the sample prob-
lem dealt with a specific, constraint - either cost or time. It can
also be shown that a network for a project can be bounded by both
time and cost constraints. Project planners interested in the area of
time compression may be faced with a limited amount of cash although
the reduction of the project duration can be reduced as far as
19
possible as long as it is within the set cost constraints.
It will then be very likely that when a project has a set
time constraint a limiting amount of cash will also be a boundary to
the project duration.
Therefore, one can conclude that in order to have the simul-
taneous cost and time constraints, it will be necessary to specify the
priority of constraints, and the time or duration must be minimized
subject to the cost constraint.
Figure 4. Revised CFM Network
Figure 4 is a reproduction of Figure 3 where the total proj-
ect duration is 9 units of time and a total project cost of 438 dol-
lars as the minimum cost.
One involved in the project construction may wish to reduce
the project duration to 7 units of time at a cost of 440.5 dollars.
However, the finance officer of the project may claim that the max-
imum amount to be spent on this specific project should not exceed
439 dollars. As one will recall, 439 dollars is the total cost of the
project if its duration is reduced to 8 units of time. One can
20
therefore conclude that because of cost limitation, the project may
not be completed until after the S h unit of time even though the
project planner's wish was to finish the entire project in 7 units of
time.
With both time and cost constraints going into a time compres-
sion procedure, the basic algorithm in the solution to the problem
will still be the same as the routine used in either the problem with
the cost constraint or the problem with the time constraint except
that each time the project duration is reduced by one unit of time,
the total project cost for that stage must be compared with the,given
cost constraint to insure that there will not be any possibility of
oversubscribing the available amount of cash for the project.
C H A P T E R V
MORE THAN ONE CRITICAL PATH
The figure illustrated in Figure 5 is the same type of net-
work shown in Figure 4 of Chapter 4 except for the total project
duration which is 7 units of time in Ir'igure 5 while the total dura-
tion of the network in Figure 4 is 9 units of time.
Figure 5. Compressed CPM Network A
It was pointed out that even though the duration of the
network illustration has been reduced from 9 units of time to 7 units,
the critical path through the network remained the same - that is, no
new critical paths were developed. Of course in Figure 5 only 2 paths
exist through the network, and therefore, only 2 possible critical
paths can exist.
In the critical path analysis, all the activities with z-;ro
slack are considered critical. Figure 6 shows that the activities
along nodes 1, 3, 4, 6 are critical activities while those along
path 1, 2, 5, 6 do not have zero slack and therefore, do not follow
the path of criticality.
»..^,.,r.-.,,,,,.,.,, ..^"'"-,e-, «..^..,^.... ^?R!:Y^r.*m^sr;
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However, the network in Figure 5 may still be compressed time-
wise. Further compression of the time or the duration in any network
will also mean that eventually, more than one critical path will exist
in a network, and there will always be the possibility that all the
activities in a network will become critical.
Referring back to Figure 5, activities (1-3) , ( '3=4) , , aria (4-6)
are along the critical path. Of these three activities, only activi-
ties (3-4), and (4-6) may be compressed since activity (1-3) row has a
duration of only one unit of time. The OK for the two activities are
as follows:
OK 3-4 . 10.5
VK4-6 = 1.68
From the above information, one will then choose activity
(4-6) as the activity to be reduced by one unit of time. This time
reduction will result in Figure 6.
Figure 6. Compressed CI?M Network B
Figure 6 gives a total network duration of 6 units of time
and a total project cost of 442.18 dollars.
r
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Critical path analysis further shows that at this stage all
the activities in the network are critical. This means that none of
the activities in the network have slack greater than zero.
For time compression to be applicable in Figure 6, it wi l l be
necessary to examine the two critical paths along the network. This is
so because it is quite trivial to see that if only one path is reduced
by one unit of time, the total duration of the project will still be
6 units of time.
This is a case where one is faced with parallel paths. The
time compression routine can still be applied with each stage of the
time compression following the path of minimum cost.
One can achieve the step-by-step time compression at minimum
cost by choosing one activity from each path that has the least change
in cost after its duration is reduced by one unit of time. By going
through the algebraic computation for the change in cost for each ac-
tivity in the network one concludes that along path 1, 3, 4, 6 activ-
ity (4-6) has the least VK which is equal to 8.3 dollars. Path 1, 2,
5 0 6 gives activity (1-2) as the activity with the least change in
cost and this is equal to 4 dollars. (This is a case where all the
activities along a path have equal OKs. We therefore, take the liberty
of choosing the first activity along the path). One will then have
to reduce both activity (4-6) and activity (1-2) by one unit of time
in order to reduce the total project duration by also one unit of
time. This stage results in a total project duration of 5 units of
time. Further compression of the duration is possible by following
. ^.	 '^^•	 ^; ..
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the above procedure. One will also notice by inspection that the
total duration of the network in Figure 6 cannot be compressed any
further after the total duration is reduced to 3 units of time. This
is so because there are only 3 activities in each path and as mentioned
in earlier statements, an activity may not be compressed any farther
if its duration is less than or equal to 1 unit of time.
So far, the illustration for the time-cgmp,ression procedure
involved a simple CPM network with six activities and only two paths
along the network. One realizes, however, that in an actual case a
CPM network may have hundreds or even thousands of activities and
plenty of paths that are critical can exist through the network.
The time compression procedure at minimum cost can also be
applied to large scheduling networks. However, hand or manual compu-
tations will be tedious if not an impossible process. Appendix I
illustrates the step-by-step process involved in compressing an 11-
activity network, and although this is a small network, it is shown
that hand computation results in a long process.
However, a computer can simplify the whole process of both
the CPM and the time compression analysis. For a computer to be useful
in this area, a program is necessary and this program is described in
Chapter 7.
The Routine for Time Compression. It will now be well to present the
steps that one might follow in order to accomplish the time compres-
sion algorithm.
r
25
(1) From a given set of data, compute the optimum cost (Ko)
and the duration (T o) for each activity.
(2) Sum all the activity costs and the result will be the
optimum total cost for that project.
(3) Perform the CPM analysis and the resulting total project
duration will be the optimum duration for the project.
(4) Set the constraints.
(5) List all the activities along the critical path or paths
in the network.
(6) Compute the change in cost (OK) for every activity that is
critical if its duration is reduced by one unit of time.
It must be noted here that any activity with a duration of
one unit or less cannot be considered for time compression.
(7) Pick the activity or the set of activities that will give
the least change in cost OK when the total project dura-
tion is reduced by one unit of time. The figure repre-
senting the change in cost after one unit of time com-
pression is added to the previous total cost of the proj-
ect and the result gives the total project cost at this
stage with a duration of Ti units of time.
(8) Compare the project duration and or total cost at this
r,tage with the set time and or cost constraint. If either
the time and cost constraint has been reached computation
ceases, or else, perform the usual CPM analysis using the
xresent duration for each activity. Repeat steps 5 through
8.
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THE ALGEBRAIC ANALOGUE FOR TIME COMPRESSION
In Chapter 5, a case example was shown regarding a CPM network
that has more than one critical path. One might have noticed than the
application of Lhe time compression routine to a CPM netw..rk with more
than one critical path will present some problems since it will be
necessary to pick a combination of activities that will give the mini-
mum cost increase after the project duration is reduced by one unit
of time.
The case example in Chapter 5 was an easy case fr- • time com-
pression purposes since only two parallel paths existed 	 zhe network,
and of course, in practical cases, a network may have hundreds of
activities with Yaany critical paths. The critical paths in a large
network may not always be parallel to each other. There will always
be the possibility of crossed paths in a network that are all critical
and to apply the time compression routine to this type of network, cne
will have to pick a set or combination of activities that will reduce
the total project duration by one unit of time when each of the dura-
tion of the activities in the set or combination are also reduced by
one unit of time. One will also note that there: will be many sets or
combinations of activities that r?ay be considered for time compression.
It will then be necessary to enumerate all the possible sets or combi-
nations and from these sets or combinations one will take the specific
set or combination of activities that will reduce the total project
duration by Pro unit of time at a minimum cost increase.
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An algebraic analogue will be presented here in regard to the
problem of enumerating the many possible combinations of activities
that can be used to reduce the total project duration by one unit at
a time. It will be assumed that more than one critical path can exist
in a CPM network and the illustrative example for the algebraic aii4-
logue will further assume that all the activities are critical with
each activity having a duration greater than one unit of time.
Figure 7 is a simple CPM network with crossed paths and as
mentioned earlier, all the Activities in thm. network are critical.
Figure 7. CPM Network R
It must be noted here that ^nr illustrative purposes, the nodes
are left unmarked and each activicy in the network is identified by a
letter of the alphabet.
The network in Figure 7 has R activities, and by visuai means,
it is readily apparent that there are five possible paths through the
network. These paths are:
f
(1) a - c - g
(2) a - c - f -h
l^
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(3) b - d - g
(4) 1,-d- f - h
(5) b - e - h
By visual inspection, one can deduce that a number of activity
combinations can be formed wherein tte reduction of one unit of time
from each activity in any particular combination will also reduce the
total project duration by one unit of time. It will then be necessary
to figure out all these possible sets or combinations since each set
or combination of activities will in most cases yield a different
change in cost (defined as VK in the previous chapters) when the total
project duration is reduced by oae in'it of time, and as mentioned
earlier, the first choice for time reduction will be the set or combi-
nation of activities yielding the least change in cost VK.
The algebraic analogue fur selecting the time reduction possi-
bilitic-s will start with a tabular set- .up listing all the possible
critical paths in a network. Table 3 lists all the paths from the CPM
network in Figure 7 since it was earlier assumed that all the paths in
the network are critical.
One can then concentrate oa a specific path from Table 3 , and
from this path, choose the first sctivity and mark this activity with
asterisk (*). This activity is labeled as activity a. Inspect all
the other paths, (i.e. paths 2 through 5), and see if any of the paths
'have activity a along its route. One finds that only path number 2 has
activity a in its route, and it will then be necessary to eliminate
path number 2 from further consideration for this specific combination.
WORke
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Each activity along path number 2 will then be crossed out to indicate
its elimination.
TABLE 3
LIST OF PATHS (A)
Path #	 Activities Along a Path
1 a c g
2 a c f h
3 b d g
4 b d f h
5 b e h
One will now check the remaining paths, (i.e. paths 3, 4, and
5), and see if any activity in these paths are the same as the other
activities of path number 1 (i.e. activities c and g ). By inspection,
one will cross out activity g of path number 3, and all the rest will
be left uncrossed since neither activity c or activity g is present in
the other paths. (i.e. paths 4 and 5 ).
TABLE 4
LIST OF PATHS (B)
Path #	 Activities Along a Path
1 *a X X
2 )K, x X x
3 b d 0
4 b d f h.
5 b e h
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Table 4 represents the development to this stage. It must be
noted mere that activity c and activity g of path number 1 are also
eliminated from further consideration.
Now, the next step will be to choose the first uncrossed ac-
tivity in Table 4 and mark this activity with an asterisk. This is
activity b of path number 3. It will be necessary to inspect the
remaining paths, (i.e. paths 4 and 5 ), and see if activity b is pres-
*:nt in either one of these paths. One will find that both paths 4 and
5 contain activity b along its route so that these last two paths will
be eliminated from further consideration. Activity d of path number 3
will also be crossed out.
TABLE 5
LIST OF PATHS (C)
Path #	 Activitied Along a Path
1	 *a
2	 R^r
3	 *b
4	 ^[
5 l^
Table 5 shows the nature of the problem a, : this stage. It can
be noted here that activity a and activity b are the only activities
with asterisks before it and all the other activities have been crossed
out so that one can conclude that reducing activity a and activity b by
one unit of time will give one possible combination that will reduce
the total project duration by one unit of time.
Another possible combination may be obtained by referring back
to Table 4 where one can mark an asterisk before activity d of path
number 3 instead of the previous choice where one chooses' activity b
of path number 3. Choosing activity d of path number 3 will automati-
cally eliminate path number 4 from consideration at this stage since
activity d is also present in path number 4. This choice will also
cross out activity b of path number 5 since activity b is also in path
number 3.
Table 6 shows the nature of the problem at this stage.
TABLE 6
LIST OF PATHS (D)
Path #	 Activities Along a Path
1	 *a X
2 x
3 *d
4 x )C I(
5 e h
By inspection, one will note i-' ,tt two more activities in path
number 5 will have to be considered for this specific combination, and
of course, marking either one of these activities (i.e. either activ-
ity a or activity h N. with an asterisk will eliminate the other activ-
ity from further consideration.
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Table 7 shows the final set-up for this specific combination.
We now have another set or combination of activities which. will reduce
the total project duration by one unit of time if each activity in
this specific combination is also reduced by one unit of time. These
activities are a, d, and e.
TABLE 7
LIST OF PATHS (E)
Path #	 Activities Along a Path
1	 *a
2	 )k
3	 is *d
4	 is I* ;f Jk
5	 is *e it
So far, two possible sets or combinations of activities have
been obtained either one c2 which may be used to compress the total
project duration by one unit of time. It is quite obvious that many
other sets or combinations of activities do exist in the network of
Figure 8, but the routine for finding the other remaining combinations
will be similar to the method employed in obtaining the combinations
illustrated in Table 3 through Table 7
Obtaining all the possible combinations in either a small
network or a large network will be a tedious job when done by hand
computations, but utilizing a computer will allow for the practical
application of this algebraic analogue.
wr_J
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It must also be noted here that the time compression computer
program listed in Appendix II utilizes this algebraic analogue.
One might come to the conclusion that this particular method of
obtaining the right combination of activities to compress the total
duration of a network by one unit at a time will be quite impractical
for CPM networks with many critical paths. Of course, this will not
always be the case since crossed paths will always exist in a network
and with more paths crossing each other, the combination possibilities
will also be greatly reduced.
In regard to cases of large networks with many critical paths
that are all parallel to each other, the application of the algebraic
analogue presented here will not be recommended since, one can just
go through each critical path and from each path, choose the activity
that will give the least change in cost OK when its duration is reduced
by one unit of time.
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THE COMPUTER PROGRAM
A computer program written in FORTRAN language has been devel-
oped to accomplish both the CPM and the time compression analysis.
This program has been written for the IBM 7094 computer (9) although
with .little modification, it Ban be used in most data processing
installations that have a FORTRAN compiler in its system.
The imput to the program is similar to any CPM-type problem
except for the addition of the direct and indirect cost -values related
to each activity.
Programming Procedure. The computer program has 3 main parts. The
first part accomplishes the usual CPM analysis where activity slack
is figured out. This stage also outputs on a reel of tape all the
activities that are.critical.
The second.part of the program utilizes the tape containing
the activities that are critical and the data on this reel of tape is
processed in the core storage. The processing at this stage involves
the search for all the possible paths tha. are critical in the net-
work. This process is relatively simple if only one path in a network
is critical. But.when.more than one path exists, (i.e. if all acti-
vities in the network are critical), the determination of all possible
paths will be quite complicated and in large networks a computer would
be a necessity. This section of the program outputs on another reel
of tape al]. the critical paths through the network and now the stage
.+gsa^ar^	 . ,„.	 ^>^b -;°--^—^	 . pax .-*-m•,,.,r.,._.. _^.	 enrwwesr.MR^t'^'.. _. , .
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is set for the third part which is the part where the time compression
occurs.
Basically, the computer algorithm for the time compression is
the same as the procedure described in the section where time and cost
constraints were taken into account. This algorithm utilizes the
algebraic analogue described in Chapter 6. The whole routine just goes
through the procedure of choosing the activity(s) that will give the
least cost increase when its total duration is reduced by one unit of
time.
The entire programming procedure is utilized each time t1i2e
network duration is reduced by one unit of time and co*.rputaLion ceases
whenever either or both time and or cos'L constr,41nts have been reached.
Figures 15 through 20 of Appendix IT illustrate the flow charts
which show the computer algorithm. Appendix II also contains a listing
of the computer program with instructions on how to prepare the input
data.
4I.
CHAPTER VII I
CONCLUSION
The time compression algorithm for the critical path
method will be of great value to the CPM analyst as a scheduling and
planning tool and also as a subject for Further rasearch.
Broad applications of the computer program is in sight, and
of course, additional development and testing of the model presented
in this thesis is underway.
In regard to the aspect of further research in this area, it
is assumed here that some programming formulation may be applied as
an extension to the algebraic analogue presented in Chapter 6.
This extension should be such that it will eliminate the necessity
of enumerating all the possible combinations for time compression in
cas,-s where more than one critical path exist in a network, and
she ti° ?aths are not all parallel to each other.
However, the present state of the computer program is appli-
cable to medium-sized projects. The program is written in a high
level computer language (FORTRAN IV), and therefore, compatible to
most large-scale computer systems.
It can also be mentioned here that the approach for deter-
mining the optimum time compression represents a significant
advance in network scheduling theory; however, several extensions
are clearly open for further development. The possible extensions
will be mentioned at this time.
► a,
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The total project duration frequently has an associated cost
function representing rental on equipment sad facilities, penalties,
bonuses, etc. This will result in a monotonic increasing cost function
which is the dual to the activity cost function as treated in this
study. If the two functions were incorporated then the optimization
procedure could be extended to determine a minimum cost criterion
using these opposing functions.
Although it is readily seen that this routine will produce an
optimum cost compression routine, it should be pointed out that the
routine is dependent upon the time interval used in compression. If a
truly mathematical technique from the area of non-linear programming
could be found this would not be the case. However, it was found that
the existing mathematical programming techniques will not work on the
type of functions used in this study. This is another rather compli-
cated extension which is beyond the scope of this thesis.
However, I can mention here that Professor Leonard Lamberson,
a candidate for the Doctor of Philosophy degree, is completing a
dissertation that will give a full treatment of the above-mentioned
problem areas. This research is also sponsored by the Industrial
Engineering Department, Texas A &M University.
There are many models that are being developed in project sched-
uling, and the worth of the various scheduling rules can only be mea-
sured through experience in their use. Time compression is just one of
these models. As a whole, it is believed.that with the aid of the
computational power of the digital computer to most approaches to
i •mow,^
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project scheduling, it will contribute in many ways to solving some of
the complex scheduling problems of large project, management.
A P P E N D I C E S
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APPENDIX I
THE APPLICATION OF TIME COMPRESSION TO
A CPM NETWORK
The time compression algorithm is presented here in regard to
its applica t ion to a small CPM network. One will note that each CPM
network has been drawn on a time scale to provide the reader with a
visual observance each time the r-twork is compressed by one unit of
time.
The time scale does not have any specific unit representation
so that it may represent days, weeks, or even months.
The dotted lines shown on same activities indicate that any
path going through that particular activity is not critical. It can
also be used to indicate the amount of slack along a path.
Table 8 shows the different cost values related to each activ-
ity. No specific cost unit is used here but one can just assume that
each cost unit represents a hundred dollars. The optimum time and
total cost for each activity has a lso been figured out using the for-
mulae derived in Chapter 3 to find the optima values. The formulae are
as follows:
1, Optimum value of N:
1 M Ct
No - C
e
2. The optimum time:
M C
To = Cte.
3. Optimum cost:
K  - 2A 
7MCt Ce+CbM+Ca
The change in cost for an activity that is compressed by one
unit of time has also been computed for those activities that are crit-
ical under optimum conditions. These values are listed under the head-
ing " OK."
For each stage of the solution to this problem, a similar type
of information is shown.
TABLE 8
DATA LISTING
Activity	 M	 C 	 Ca C 	 C 	 N	 To K 	 OK
1-2 4 3 2 1 3 2 2 18 3
1-3 1 2 1 5 2 1 1 10
1-4 9 1 3 2 1 3 3 27
2-5 16 4 4 3 4 4 4 84 1 1/3
3-5 4 4 2 3 4 2 2 30
3-6 25 5 4 3 5 5 5 129
4-7 4 5 1 2 5 2 2 20
5-8 16 6 1 2 6 4 4 81 2
6-9 1 3 3 4 3 1 1 13
7-9 9 2 2 3 2 3 3 41
8-10 16 4 2 3 4 4 4 82 1 1/3
9-10 4 3 4 3 3 2 2 28
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Figure 8. Sample CPM Network Before Time Compression
Step number 1.
Optimum project duration:	 14 Units.
Project duration at this
stage:	 14 Units.
Optimum total cost:	 572.00.
Critical path(s) at this
stage:	 1-2-5-8-10.
Activity (s) to be reduced:	 (2-5).
Change in cost:	 1 1/3.
Cost constraint: 	 600.00.
Remarks: The change in cost for both activity (2-5)
and activity (8-10) are equal and both are along the critical path.
For consistency, the activity with the earliest finish time will be
compressed first,
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Figure 9^ Sample CPM Network (after step 1)
Step number 2.
Optimum project duration:
	 14 Units,
Project duration at t1lis
stage:	 ?.3 Units,
Total Cost at this stage:	 573 1/3,
Critical path(s) at this
stage:	 1-2-5-8-10.
Activity(s) to be reduced:
	
(8-10).
Change in Cost: 	 1 1/3,
Cost Constraint:	 600.00,
Remarks: Activity (8-10) has the lowest change in
cost among the activities along the critical path, therefo re, it
is the bent choice for time compression at this stage.
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Figure 10. Sample CPM Network (after step 2)
Step number 3.
Optimum project duration: 14 Units.
Project duration at this
stage: 12 Units.
Total cost at this stage: 575 2/3.
Critical path(s) at this
stage: 1-2-5-8-10.
Activity(s) to be reduced: (5-8).
Change in CO L t 2.
Cost coz,gtraint: 600.00,
Remarks:	 It will be n^*ed here that so far the
critical path has remained the same.
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Figure 11. Sample CPM Network (after step 3)
Step number 4.
Optimum project duration:
Project duration at this
stage:
Total cost at this stage:
Critical path(s) at this
stage:
Act-ivity(s) to be reduced:
Change in cost:
Cost constraint:
Remarks: The critical path
14 Units.
11 Units.
577 2/3.
1-2-5-8-10.
(1-2) .
3.
600.00.
is still the same.
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Figure 12. Sample CPM Network (after step 4)
Step number 5.
Optimum project duration: 	 14 Units.
Project duration at this
stage:	 10 Units.
Total cost at this stage: 	 580 2/3.
Critical path(s) at this
stage:	 (1-2-5-8-10), and
(1-4-7-9-10).
Activity(s) to be reduced:	 (2-5), and (1-4).
Change in cost:	 7 1/6.
Cost constraint:	 600.00.
Remarks: There are now two paths along the network
that are critical so that two activities (one from each path) will
have to be compressed time-wise in order to reduce the total
network duration by one unit of time.
^^:.^..
	
..	
_ _.	 - - ..._ ,i...^.vaN^+u^;,7r::'c'^:^:m'T^,p='.^.,.+'*nuZ.-X.M^''ssw""^-.w-+ ..ea.r.w..-•^--s,.wo...w.^
47
0	 1	 2	 3	 4	 5	 6	 7	 8	 9	 10 1.1
	
12	 13 14
Figure 13. Sample CPM Network (after step 5)
Step number 6.
Optimum project duration:	 14 Units.
Project duration at this
stage:	 9 Units.
Total cost at this stage:
	
587 5/6.
Critical path(s) at: this
stage:	 (1-2-5-8-10) , (' -3-6-9-3,0) ,
(1-4-7-9-10), and
(1-3-5-8-10).
Activity ( s) to be reduced: 	 (8-10), and ( 9-10).
Change in cost:	 9 2/3.
Cost constraint: 	 600.00.
Remarks: This is a case where all the activities in
the network are critical. One will have to pick an activity or a
set of activities that will reduce the project duration by one
unit of time at minimum cost. Viase activities are (8-10) , and
(9-10) .
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Figure 14. Sample CPM Network (after step 6)
Step number 7.
Optimum project duration:	 14 Units.
Project duration at this
stage:	 8 Units.
Total cost at this stage:	 597 1/2.
Critical path(s) at this
stage:	 (1-2-5-8-10), (1-3-6-9-10)9
(1-4-7-9-10), and
(1-3-5-8-10).
Activities to be reduced:	 (5-8) , (3-6) , and (7--9) .
Change in cost: 	 12 1/4.
Cost constraint:	 600.00.
Remarks: One will now realize that the total cost
for this stage is almost equal to the cost constraint,and it can
be noted that further compression of the duration will increase
the total cost such that it will become greater than the set
cost constraint. Therefora, with a ,given cost constraint of 600.00,
the total network duration will be 8 units of time.
li
APPENDIX II
FLOW DIAGRAMS AND PROGRAM LISTINGS
This section contains the flow diagrams and listings of the
subroutines that make up the source program for the time compression
algorithm.
The entire program contains five subroutines plus the main
calling program.
Subroutine Orland inputs the data from tape number 5 so that
the input data may be processed by subroutine Finc:pn+ which ta'..es care
of the CPM calculations.
Subroutine Phil merges the results obtained from subroutine
Fincpm to incorporate the cost parameters related to each activity.
The output of subroutine. Phil is processed by subroutine Cr.path which
utilizes the time compression of the activity or set of activities
chosen by subroutine Crpath.
The main calling program checks the results obtained from
subroutine Merge to see if the constraints have been reached, other-
wise, the whole cycle is repeated starting with a call on subroutine
Fincpm.
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Figure 15. Main Program
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Figure 16. Subroutine Orland
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i
Subroutine
Fincom
Rewind 1
Input T-1
into
array
Compute
slack for
each
activity
Print CPM
alculatio
results
Output all
critical
acts.
T-3
Return
Figure 17. Subroutine Fincpm
j Subroutine
Phil
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Figure 18. Subroutine Phil
rp--T	 --
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-4 .
Subroutine
Croath
Input T-3
into
array
Compute
change in
cost for
each act.
Find all
possible
paths
Pick combin.
that gives
least change
in cost
educe each
activity's
duration by
one unit
Return
Figure la. Subroutine Crpath
!I
V
SubrouLine
Merge
Rewind Tapes
Input T-9
Sum chaz^g
^ in cost
Rewind 9
Input T-1
into
array
Compare activities in array
with those stored in T-9 to
determine which activity is
reduced by 1 unit of time.
utput data
in array
on T-9
Return
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Figure 20. Subroutine Merge
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APPENDIX III
A SAMPLE PROBLEM
A sample problem is shown here to illustrate the type of
output generated by the computer program that utilizes the time com-
pression algorithm.
Page 91 is a listing of the data input. This list also
includes the computed values of the optimum duration, optimum number
of men, and the optimum cost for each activity. The last line on this
page shows the optimum total cost of the project.
Page 92 through page 95 illustrate the critical path analysis
and time compression results. It must be noted here that the final
stage of the time compression routine is 5 time units below the opti-
mum duration of the project.
.n regard to the listing of the critical path results, those
jobs that are marked with asterisks are the critical ,fobs in the
network. It must be noted here that the computer output only show the
first stage and the last stage of the time compression results.
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